Lesson 19: Working with Roots and Radicals

Multiplying Roots

Product Rule for Square Roots

If ¢ and p are nonnegative real numbers, then \/Z.\/E:«/a.b

J7 27 =12y V547 =135

This type of multiplication of radicals is only possible if the indices (roots) are the same.

TRY: 541 J7Bx

Root Chart \/Z =b

b=> 2 3 4 5 6 7 8 9 10 11 12 13 14 | 15

\/; 4 9 16 25 36 49 64 81 100 121 | 144 | 169 | 196 | 225

Square Roots Simplified

An expression containing a square root is simplified if:
e The radicand does not contain any factors that are perfect squares other than 1.
e The radicand does not contain any variables with exponents greater than 1.
e No radicals remain in the denominator of a fraction.
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Square Root of a Whole Number

To simplify a radical containing a radicand that is not a perfect square, reverse the Product Rule
for Square Roots. Rewrite the radicand as the product of factors where as many factors as
possible are perfect squares. Write each factor as a separate radical and evaluate each. Multiply
the results.

Ja-b=+a-b P2=16-2=16-2=42
J500 =/100-5 =100 -+/5 =104/5

This process helps when one doesn’t recognize larger perfect squares. Factor the radicand
completely. (Use a factor tree if necessary.) Group two similar factors together to form perfect

squares.

Example: (The thinking process for factoring 1764.)
V1764
1764 =2 - 882 (1764 - even — must be divisible by 2.)
1764=2-2-441 (882 — even — must be divisible by 2.)
1764=2-2-3-147 (441 — digits add up to a multiple of 3, so divisible by 3.)
1764=2-2-3-3-49 (147 — digits add up to a multiple of 3, divisible by 3.)
1764=2-2-3-3-49 (recognize 49 as a perfect square, combine like factors)

1764= 4 - 9 - 49

V1764 =4 -9 .49 =2.3.7=42

If the original had been /3528, the number 3528 would have factored into 2-2-2-3-3-49.

The result would have been: /3528 =2 .\/4-/0-49 =2-2-3.7=422

TRY:

Vo N
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Square Root of a Variable

m power
If gis a positive real number and m is an even integer, then /4" =42 Remember: g root
6 36
Ja® =a? =d° 7% =72 = 7! CAUTION: It is very tempting to take the

square root of 36and answer incorrectly z¢

If mis an odd integer, rewrite m as the sum of a multiple of 2 and 1.

V7 A e =aa V& A T fa = fa

TRY:
Combinations: JI2x'" =4/3-4-x° . x = 2x°\3x
TRY:
12x8 36n°
3]’13 8216
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Quotient Rule for Roots

Quotient Property for Square Roots

If \/Zand \/Bare real numbers, where b # 0, then \/E = %
b b

Concept: The root of a quotient can be written as the root of the
numerator divided by the root of the denominator.

\/144x2 _144x° _ 12x  2x
36y 36y 6y

Sometimes, it helps to combine the radicals as one: T“n = ,2= \/% =6
2

TRY:

144

; 5
NG

81 49p*
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Product Rule for Radicals

¥7-30 =470

Multiplying Higher Roots

CAUTION: This rule only applies to radicals with the same index. (‘/7-\3/10 # 3/70

If Q/;and Q/B are real numbers and n is a positive integer greater than 1, then %/gp = \/EQ/Z;

Concept: The nth root of a product is equal to the product of the nth roots of the factors.

TRY:
4546 $8-5x
Root Chart 4/2 =b

b=> 3 4 5 6 7 8 9 10 11 12 13 14 15
\/Z 9 16 25 36 49 64 81 100 121 144 169 | 196 | 225
% 8 27 64 125 | 216 1000
% 16 81 256 | 625 10000
é/_ 32 243 | 1024

a

Radicals Simplified

An expression 4/; is simplified if:

184

The radicand does not contain any factors, other than 1, that are perfect nth powers.

The radicand does not contain any variables with exponents greater than n.

No radicals remain in the denominator of a fraction.
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Simplifying Higher Roots

Simplifying Radicals of Higher Roots 4/;

To simplify a radical containing a radicand that is not a perfect nth power, reverse the Product
Rule for Radicals. Rewrite the radicand as the product of factors where as many factors as
possible are perfect nth powers. Write each factor as a separate radical and evaluate each.
Multiply the results.

Yab = Yailb
327000 = 3/27-31000 = 3-10=30
3250 = f125-32 =532

TRY:

3/8000

Using the factor-tree approach works for higher roots as well. The difference is that one wants to form
groups of ‘n’ like factors. That is, if the index is 3, look for 3 of the same factor; if 4, look for groups of 4
like factors, etc.

38640 8640 =P-2-2-2-2-213-3-3}5

38640 =3/23.2°.33.5=2.2.3.35=1235
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Simplifying Higher Roots with Variables

power

I’,am :a% =q "o
8
2
4\/m8 zmA =m
2 20/4
4,61 0 —a 0/ =a5

TRY:

What if the root is not a factor of the power asin {/4''?

Rewrite the radical using the Product Rules: 2/ap = 2fq-4/b and ¢"a" = a™"

Yo =4 =4 o = Ao =Y
Another way of thinking.

To simplify a radical completely, think about how many times the index goes into the exponent of the

radicand with how many left over. For example, to simplify {a'', ask how many times 4 goes into 11?

Answer: 2 times with 3 left over.
4,a11 — 4,a8+3 — 4/a8 . 4’a3 :a24’a3
The 2’ exponent comes out and the ‘3’ leftover stays in.

11 3
. . e 27
Or one can think of it as: Ja" =a* =a * =a*a’
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TRY:

The process works with radicands including integers and variables:

Yoax’= i6-4a- 4" x =2x*4ax

TRY:

J272° W

/270X 3/20000x’

J162p* 964’ 348x° 2
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Quotient Property for Radicals

If Q/Zand Q/Bare real numbers, where b # 0, and n is a positive integer greater than 1,

a_Xa
then »/= =
b b
Concept: The nth root of a quotient can be written as the nth root of the

numerator divided by the nth root of the denominator.

2 2
144x” _ 144’ _ 12x _2x V2 _ [z, o6
NG 2

36y 36y 6y ¥

_

TRY:

)
N}
w
S
~

p—
N
(9]

I

81c'°
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Different Indices

To multiply radicals with different indices, convert the radicals into exponential notation then multiply (work
with the exponents). Convert the answer back into a radical if desired.

-MN
-J>\'—‘
-J>\I\)
4>\—=
#\w

.Js\—'

A =77 = T =45

(‘/}.?/xz — x%x% :x%ﬁ% :x%o*%o :x1320 — 20,13

X

TRY:
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Radicals: Adding and Subtracting

WARNING =» One can only add or subtract LIKE radicals.

To Have Like Radicals, the Following Must be True:
1. The radicals must have the same index.
2. The radicals must have the same radicand.

J7+4J7=5V7 6x” = 2% =4

One cannot add radicals with different indices. 2/7+4ﬁ
One cannot add radicals with different radicands. \/ﬁ+4ﬁ

TRY:

5 =35

3\6a +7/6a

sy -aifsy +x+x
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Sometimes, one needs to simplify the radicals before they can be combined.

475 248
4425-3 -2416-3
4.53-2-43
204383
=123

5x%/x_5—2x23/x_2
5x30x - x° —2)623/x_2
5x%3x* —2x23/x_2
:?vcz%/x_2

TRY: J12 4427

350 —2/32

J16wz* —632w22°
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Radicals: Multiplying

To multiply radicals, one often uses the distributive property: g(b+c)=ab+ac
The product rule Q/ZQ/B = %/ab allows multiplication of radicals with the SAME index.

(V3)(=3v6) = -34/30 (2N7x)(5\7) =105/49x =10-74/x = 704/x

TRY:

32 -(-4410) 25¢-5\5

To multiply a Binomial containing a radical expression by a Monomial
Use the distributive property.

\/5(5_\/5) = 5\/5_\/6 Be sure to simplify the answer if possible.

TRY:

7(2-36) 253 +35) Bab(Ba++3)

To multiply a Binomial containing a radical expression by a Binomial
Use FOIL.

(V3 +2V5)(4-2) =43 -6 +85-2410

TRY:

(2N/6 -3)(24/6 + 4) (332 =/3)(242 +343) (5a+~ab)?
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Radicals: Conjugates

Conjugates
Consider: g*> —b*> =(a+b)(a—b)

(a+b)and (a-b) are called conjugates of one another.

For example, the conjugate of 5_2\/5 is 5+ 2\/§

The conjugate of —3a+\/% is —3a—\/%

When two conjugates containing radicals are multiplied, the product contains no radicals.

(3N2x —4)(32x +4) = 94x® +124/2x —1242x 16 = 9-2-16=18-16=2

a*—b* =(32x)} —4*= 9-2x—-16=18x—16

TRY:

(T-3)(7+3) (J6g +5)f6g —5) (B-2T)3+247)
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